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Abstract. Current neoclassical theory of a consumer has some shortcomings
that hinder the mathematical modelling of real consumer behaviour. Being
based on static optimisation, the neoclassical theory is unable to cover
dynamic effects, and its results are valid only in the optimum point. It is also
confusing with respect to the concepts of utility, money, willingness to pay,
and demand. Here we introduce a new theory for consumer behaviour
expressed with measurable quantities that enables both empirical testing
and forecasting. A consumer's adjustment is modelled outside possible
equilibrium points as well to explain a consumer's movement from one
equilibrium to another. Our theory allows time-dependent variables that are
necessary for developing a dynamic economic theory, and the neoclassical
theory is shown to be a special case of our model. PACS: 89.65.
GhEconophysics, 89.65.-s Social and economic systems, 89.75.-k Complex
systems.

1. Background

In generating a theory of consumer behaviour, the greatest problems
are involved with the “free will” of humans [1, 2]. The neoclassical
framework is based on the assumption that humans behave in a rational (or
boundedly rational) way [3, 4]. A rational utility-seeking consumer is
assumed to maximise his/her utility with respect to some constraints. A
utility-seeking consumer adjusts his/her consumption towards the direction
where the efficiency of spending' is the highest, i.e., where the ratio of
marginal utility and price of every good is equal [2], [5]: p. 170.
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" Through the article, with efficiency of spending we mean "the efficiency of
gaining utility from spending money on a certain good".
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Within the neoclassical framework, the adjustment of a consumer
toward his/her optimum has been assumed implicitly (see e.g., Ref. [5]:
p. 174), but the adjustment process has not been modelled formally. This
shortcoming can be illustrated by the following analogy: suppose a
concave cup and a marble on its edge. What happens when the marble is
let loose? In physics, we can write the equations of motion of the marble
and calculate its trajectory as a solution of these equations. In economics,
the best the neoclassical theory can do is to tell that after some time the
marble will be immobile in the bottom of the cup. Thus the neoclassical
framework cannot explain which trajectory of a consumer led him/her into
his/her optimal position, how long did the adjustment take, and whether
there occurred overshooting or not.

The testing of the neoclassical theory of a consumer is also difficult
because there are no means to directly measure a consumer’s marginal
utilities of goods or his/her level of utility. Our solution to this is that
instead of marginal utility, we apply the concept of a consumer’s marginal
willingness to pay for a good that can be measured [6, 7, 8, 9] e.g. by
making a consumer survey. Moreover, we show that utility function has an
impact on consumer behaviour only via the marginal willingness to pay.
Thus the actual measurement of utility is not needed in modelling
consumer behaviour.

Although the concept of willingness to pay is widely used in literature
[5,6,7,8,9, 10, 11], and it is linked to demand [5, 8, 10], to the shadow
prices of possible constraints [9, 11], and to compensating variation [12]:
Chapter 3, [13]: Chapter 3, the concept is lacking a consistent conceptual
definition. Hence, we define the concept "marginal willingness to pay"” in
a new way. This way we get the results of the theory in a testable form, and
it enables the calculation of consumer surplus in monetary units. Marginal
willingness to pay is required for consistent definitions and relations
between utility, marginal utility, and willingness to pay.

We model mathematically how a rational consumer adjusts his/her
behaviour outside his/her optimum, and we give fundamentals on which

> The concept “marginal willingness to pay” has been applied in studies of
environmental and public sector economics, see e.g., Refs. [14, 15, 16]. However, it has
only been used in evaluating the value of public services that are lacking market price
[14], and in estimating the price premium a consumer is willing to pay for e.g. an eco-
certified good [15, 16]. In Ref. [16], marginal willingness to pay is defined as “the
income reduction needed to ensure constant utility when an attribute is added in the
marginal good”. This results from thinking willingness to pay as compensating variation,
which seems confusing in the light of our present analysis.
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one can build trajectory calculations outside optimum’. Our aim is to give a
theory that allows modelling and forecasting the behaviour of a group of
heterogeneous consumers by statistical means. This is similar to statistical
physics where e.g. the macroscopic properties of gas (temperature,
pressure, etc.) depend on the interactions of (possibly heterogeneous) gas
molecules. We can think that a group of heterogeneous consumers behaves
like a group of heterogeneous molecules, yielding statistical behaviour that
arises from the properties of the group and the interactions between the
agents [17, 18]. However, the statistical behavior of a group of consumers
will be exactly modelled in another study.

The needs of humans are highly similar, and thus there are certain
statistical regularities in the group level human behaviour (like the need of
food and sleep). An essential part in our modelling is to allow a consumer
specific willingness to pay for every good, and thus not to make the
restricting assumption that all consumers have identical preferences. This
restriction is common in representative agent models [19], and it has been
criticised e.g. in Refs. [20, 21]*. By allowing heterogeneous preferences we
do not restrict a consumer's behaviour at all. The only “restriction” in our
modelling is that a consumer is consistent with his/her own preferences. A
group of heterogeneous consumers creates a distribution of marginal
willingness to pay for every good, and the group level behaviour can then
be modelled by statistical means.

Through the article we stress the principle of consistency of
measurement units of economic quantities [23], and thus we express the
units explicitly even though they may appear implicitly clear.

2. The neoclassical theory of a consumer

Let a consumer's optimisation problem for an n-product system be:
Maximise utility function U(X) (utility/time) with respect to budget

? In real economic studies, trajectory calculus is important e.g. in showing how
opening up the former Eastern bloc affects the development of these countries. During
the adjustment toward the market system, the neoclassical framework is of no use since it
will tell nothing about the process. It can only claim that e.g. after 40 years these
economies will be in the neoclassical market equilibrium. The policy makers would have
to wait this time before they could start using the tools developed within the neoclassical
framework.

* The representative agent model has been applied in DSGE models (dynamic
stochastic general equilibrium) by allowing the parameters of the “agent” to change with
the applied economic policy. This makes the representative agent more “flexible” [22].
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inequality M > Y7, P;X;, where X = (Xq,..,X,) is the vector of
consumption flows of goods of the consumer. The unit of X; is piece;/
time, that of price P; is €/piece;, and M (€/time) is the income of the
consumer”. The problem can be expressed as the Lagrangian

m)?x L=UX)+AM -3, PX;], ()
where A is the Lagrangian multiplier with unit utility/€ for dimensional

consistency [23]. The Kuhn-Tucker first order conditions for optimum are
(see e.g., Ref. [12]: p. 53-55)

oL _ 00U _ ,p . oL o — )
ox, —ax, AP SO Xi20, X, =0 Vi (2)
M-Y", PX; >0, A1>0 A[M-Y",PX]=0. (3)

Assuming X; > 0, Vi, Egs. (2) yield

1 U 1 dU
__:...:__:Al (4)
P; 0X4 P, 0Xy

which condition holds in every optimum of the consumer if X; > 0,Vi.
Eq. (3) shows that in a border optimum holds M = ', P;X;, and in an
inner point optimum holds 4 = 0 [12]: p. 958-964. In a border optimum,
A measures the marginal utility of income (or the shadow price of the
budget constraint) [12]: p. 54. Quantity (1/P;)0U/dX; with unit®
utility/€ measures the consumer's efficiency in receiving utility from the
consumption of good i per one euro. In the optimum, every good has an
equal efficiency in giving utility.

The dual expenditure minimisation problem of a consumer can be
expressed as (Ref. [12]: p. 57-63)

min W =YL PX; + puluo — UX)], (%)

where U(X) = uy and p is the Lagrangian multiplier with unit €/utility
for dimensional consistency. The Kuhn-Tucker first order conditions for
optimum are

> The unit of time can be e.g. one day or one week. Piece is an arbitrary unit of
volume of a good, and it can refer to a suitable SI unit.

® The unit of a partial derivative can be derived according to its definition, i.e.
U/ 0X; = limpy,_,oAU/AX;, where the unit of AU is utility/time and that of AX; is

piece;/time, and taking the limit does not affect the measurement unit.
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aw au aw ,
a—XiZPi—Ha_XiZO, XiZO, B_XiXizo Vi, (6)
UX)—uy =20, p=0, plug—UX)]=0. (7

In an inner point optimum u =0, and in a border optimum
U(X) = uy,.

Assuming binding budget equation in the utility maximisation
problem (1) and X; >0, Vi, we can solve the Marshallian demand
functions X;p = f;(P, M), Vi, and the value of the Lagrangian multiplier
A* = f(P,M). A border optimum in the expenditure minimisation problem
(5) yields the Hicksian demand functions X;y = g;(P,u,),Vi, and
the value of the Lagrangian multiplier u* = g(P,uy). These demand
equations are valid only in a border optimum, and in the optimum holds
Xiy = Xig, Vi, * =1/u*,and U/ OM = A*.

Example 1. Let the Cobb-Douglas form for utility with two goods
U=AX/X10)*(X,/X50)1"% where O<a <1 is a pure number,
constant A > O has unit utility/time, and X;y,i = 1,2 are constant initial
consumptions of the two goods with units piece;/time, respectively.
This dimensionally correct form [23] for utility can be presented as
U= BX&X1~% where constant B = AX{{X% 1 > 0 has unit utility %
piece]® x piece$™!. Even though in dimensional analysis measurement
units with non-integer powers (e.g. kg®”) are not allowed [23]: pp. 46-47,
we still operate with B as if it were a well-defined quantity. This
assumption simplifies the calculations while still giving correct units for all
relevant quantities: X1, X,, U, v, e, 4, u.

Assuming binding budget equation M = P;X; + P,X,, the optimal
border solution is:

Xim = %, Xom = U;ﬂ, =B (K)a (1_0()1—0(,

2 Py Py
_ a\% (1-a\17%
e = (2 (52) .
_up(_ap, \I7@ A _1(1’_1)“ (P_z)l‘“
Xin = B ((1—a)P1) . Xon = B ( aP, ) H =3\ 1-a - &)

u
e(P,u) = EOP{"le‘“(a‘“(l —a)*).

The units of X;,, and X;4 e.g. are piece;/time and A" has unit
utility/€ and that of u* is €/utility. v(P,M) = U(X,,) with unit utility/
time is the indirect utility function, and e(P,uy) = Y P;X;y with unit
€/time the expenditure function [12]: pp. 56-59. These results hold,
however, only in a border optimum.
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Now, restricting the analysis to a border optimum is not reasonable
because a complete theory should also explain how a consumer finds
his/her optimum. For every point in the consumption space, one can
measure the efficiency of gaining utility from spending money on good i,
regardless of how far the consumer is from his/her optimum. The
efficiency of spending on good i is quantified by

19U
$i = pox €))

with unit utility/€. With a binding budget and the consumer being in the
optimum, all &;'s are equal with A. Outside optimum, vector ¢ can be used
as the "compass needle" that points towards the consumer's optimum. The
adjustment rules are: increase the consumption of good i, or decrease that
of good j, if
10U _ 10U
S pon T oy o

The problem here is that even if a consumer is aware of his/her
efficiency values for all goods, due to their measurement unit, it would be
impossible for an observer to quantify them. Thus in the neoclassical
theory, a consumer's adjustment outside optimum has a measurement
problem that prohibits its direct empirical testing’.

For this reason, we introduce a new idea how to model a consumer's
adjustment outside his/her optimum. Suppose a consumer is not in his/her
optimum, and he/she wants to improve his/her situation; this occurs, e.g.
when the consumer faces a price or an income change. Eq. (2) shows that
close enough to the border optimum (where A* > 0), a utility-seeking
consumer increases X; if dU/ dX; > AP; & (0U/ 0X;)/A > P;, and vice
versa. Similarly, Eq. (6) shows that close enough to the border optimum
(where p* > 0), an expenditure-minimising consumer increases X; if
uw(@U/ 0X;) > P;, and vice versa.

We can interpret (0U/ 0X;)/A with unit €/piece; as this consumer's
marginal willingness to pay for good i at his/her current consumption X.

7 In the neoclassical framework, it is possible to test consumer behavior by testing
goods in pairs by questioning: “Would you prefer good i with price P; to good j with
price P;? This procedure is known as revealing preferences.” It has been shown, e.g., in
Ref. [12]: pp. 10-14, 28-35, that with certain assumptions, a rational preference ordering
with known prices and income is complete and fulfills the weak axiom of revealed
preferences. However, forcing a consumer to find his/her willingness to pay for a good by
the pairwise comparison of it to all other goods is very tedious as compared with our
solution.
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The reason for this is that a utility-seeking consumer increases the
consumption of good i if (dU/ 0X;)/A > P;, and in increasing the
consumption of good i, he/she actually pays the price of good i. Thus, the
willingness to increase the consumption of a good with a known price is
equivalent to that the consumer is willing to pay at least the price of the
good. In a border optimum, the two marginal willingness to pay concepts
are equal with the price: (OU /0X;)/A* = u*(0U /0X;) = P;.

Thus, a utility-seeking (or an expenditure-minimising) consumer
applies the following adjustment rule: compare your marginal willingness
to pay with the price of a good, and increase (decrease) the flow of
consumption of the good if your marginal willingness to pay exceeds (is
below) the price. All quantities in these comparisons have clear
measurement units, and in this form an observer can test the theory by
making a survey of consumers' marginal willingness to pay of the goods of
interest.

One should notice that the marginal willingness to pay for a good
depends on a consumer’s current satisfaction of needs. Think of a
consumer's marginal willingness to pay for petrol before and after buying a
car. Moreover, in our framework a consumer's preferences are no more
restricted than in the neoclassical one.

3. Marginal willingness to pay and demand

In textbooks of economics, the demand and the marginal willingness
to pay functions are considered to be equal. Ref. [24]: p. 298: "The demand
curve reflects a consumer's marginal willingness to pay: the maximum
amount a consumer will spend for an extra unit". We show, however, that a
consumer's marginal willingness to pay and Marshallian demand functions
deviate from each other. Subsequently, a consumer's willingness to pay
function is denoted by H and his/her marginal willingness to pay function
for good i by dH/ 0X;.

Let a consumer's utility function U(utility/time) and budget
equation with two consumer goods and income M (€/time) in a time unit
be

U=f(X1,X2), M =P X;+PX,. (11)

Substituting the budget equation in the utility function (we thus

assume the budget equation to hold) yields

U=fX1.X)=f (X11M_Plx1

) = F(X,, M, P,,P,). (12)
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The consumer's marginal willingness to pay for good 1 is then

OH 0f(X1.X2) 0f(X1.X2) - 1 0F(X0Xs)
— 0Xq — 0Xq —9v _ 1 1,42
X, A 10f(X1.X32)" A oM P, 09X, ' (13)
P, 090Xy
and the following conditions
92 92 92 92
S <0, L<o XL =9 5 (14)

guarantee that the equilibrium point is a maximum. The following equation
corresponds to the optimum:

OH 0f(X1.X2)

— _ aX

Py . < Py = Py 5555y (15)
1 X5

Eq. (15) is the Marshallian inverse demand function for good I of the
consumer. This relation is similar to that of the marginal willingness to
pay, but their slopes in coordinate system (X;,€/piece;) differ. By totally
differentiating Eq. (15) and using the utility function in Eq. (12), we get
(see Ref. [25]: pp. 126-134)

0%f af 0%f of X
1 0X5 0X10X> azxgaxl 1 dP1 _
(5%5)
X3
02f__92f Pi\of (0% _o%*fP1)of
ax% 0X2 0X1P2}0X2 0X1 0X2 0X%P2 0X1

(o)

%f af 9%f of
00X 0X10Xo 0X%6X1

P, |dx,

<02f af  9%f of )(M-p1x1 of
0x2%20X1 0Xp0X10X5 Py X+
dM + < + 0f1 dP,.(16)

2 2
(5%;) (%) oz
Eq. (16) can be presented as
aldpl - aZXm + ang + a4_dP2, a, > O, a, < O, asj > O, (17)

where a;, i = 1,...,4, are the coefficients of the differentials; a, is of
ambiguous sign. Eq. (17) yields

0P, _ a, 0P, __ as 0P, __ a,
where the sign of the last partial is ambiguous. Because P; and dH/ 0X;
both have unit €/piece;, they can be measured on the same coordinate
axis. However, the slope dP;/ 0X; = a,/a; < 0 of the inverse demand
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relation (15) in coordinate system (X;,€/piece;) deviates from that of the
marginal willingness to pay: 02H/ dX? = a, < 0. Because a; > 1, the
latter curve is steeper. The reason for this is the income effect a change in
price has on the marginal willingness to pay. If P; decreases, the utility-
maximising flow of consumption of good 1 increases. Consequently, a
price decrease raises the consumer’s real budgeted funds and moves his/her
marginal willingness to pay relation away from the origin.

Egs. (13) and (15) give similar results, and both are useful. The
Marshallian demand relation can be estimated from the real world by
statistical means with observed prices and flows of consumption, and the
marginal willingness to pay relation can be quantified by making a
consumer survey.

Example 2. Let a consumer's utility function be (as in Example 1)

U=BX{X}% B>0 0O0<a<l (19)
Substituting the budget equation M = P, X; + P,X, in Eq. (19), we
get
— a (M—P1X, 1-a
U = BX? (—PZ ) (20)
The necessary condition for the consumer’s optimum is
du _ a-1 (M=Pix\17% o (M=PiX:\ "% Py _
o =0 aBXf (—Pz ) (1 — a)BX? (—Pz ) =0 (21)

From Eq. (21) we get the Marshallian demand and inverse demand
functions for good 1 as

X,y= o p =2 22
M = 5, 1= % (22)
If we multiply the first order condition in Eq. (21) by factor
a
X () P a (M
ot > 0 we gt E(x_l ~P)-P, =0, (23)

where dH/ 0X; = a/(1 —a)(M/X, — P;) is the consumer's marginal
willingness to pay function for good 1. Nofice that in this form the
marginal willingness to pay is measurable also outside optimum, and so
this open optimization problem has a clear advantage as compared with
the restricted optimization in Eq. (1).
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Setting values ¢ = 0.7, M = 100 for the constants, we can present
the demand and the marginal willingness to pay relations in this example
with two values for P;: P;; = 10 and P;; = 20, see Fig. 1. The demand
relation is graphed in the form of inverse demand. The demand relation
stays constant while the marginal willingness to pay relation moves with
the price change so that the two curves cross at current price. Thus only in
a border optimum, marginal willingness to pay equals with Marshallian
demand function.

40

Demand
35 Marginal willingness 1o pay (P=10]
Marginal willingness io pay (P=20]
30 Frice (P=10)
— — — Price (P=20)

25lh

Eurc/piaca
i

Fisca/time

Figure 1. Demand and two marginal willingness to pay functions.

4. Measuring changes in consumer welfare

Although indirect utility function v(P, M) defines a complete order
for utility levels of a consumer, its unit utility/time prohibits its
empirical measuring. Due to this, welfare changes between utility levels
have been measured by applying the duality theory of optimisation (see
Eq. (8)) with expenditure function e(P,v(P, M)) called the money metric
indirect utility function (MM), see e.g., Ref. [12]: pp. 81-82. MM measures
the minimum expenditures yielding a given utility level for the consumer.
The change in welfare due to price change P, — P; has then been
measured by Equivalent (EV) or Compensating Variation (CV) as

EV(Pg, P1,uq) = e(Pg,uy) — e(P1,uq), CV(Po,P1,up) = e(Po,up) — e(Pq,uyp),
ug = v(Po, M), uy =v(Pq1, M), e(Po,ug) =e(Py,uy) =M.
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The problems in using EV and CV are that they measure welfare
changes (or minimum expenditures giving a fixed utility) only between
optimum points, and they assume the utility function of the consumer to be
known. In EV the utility is fixed at level u4, and in CV at ug, [12]: p. 83.

Next we study Example 1 and assume that P, = 3, M = 1000,
a = 0.7 stay fixed and P; changes so that Py = (P;,P,) = (7,3) and
Py = (P;,P,) = (3,3). The initial Marshallian demand of good 1 with
P, =7 is Xy = 100 and P; = 3 corresponds to X = 233.33, while
with P, = 3, X, = 100 is fixed VP;. Nexst we calculate the change in
welfare of the consumer by using the money metric utility function
in Example 1 with B=1. Now U(P, =7,P, =3)=u, =100,
U(P, =3,P, =3) =uy =180.96, and

EV(P(), Pl,ul) - 80960, CV(P(), Pl,uo) = 447 .39. (24)

Due to the decrease in P;, the consumer's minimum expenditures
giving utility level u; decrease by 809.60 (€/time) (EV), and the
minimum expenditures giving utility level u, decrease by 447.39 (€/time)
(CV).

CV has often been interpreted as the willingness to pay, and it has
been used in calculating the consumer surplus, see e.g., Refs. [12]: Chapter
3, [13]: Chapter 3. The use of CV in evaluating a consumer's (marginal)
willingness to pay for a good is dubious, however, since it measures the
difference between minimum expenditures giving the initial level of utility
at different prices. CV allows changes in flows of consumption for all
goods, and thus it gives at best an indirect estimate of the money a
consumer is willing to pay (or requires in compensation) for the price
change of a good.

Let us compare, for example, the value 447.39 for measure CV
when P; changes from 7 to 3. The marginal willingness to pay (MWP) for
good 1 given in Eq. (23) gives: P, =7,X; =90:MWP = 9.,
P,=7X,=95MWP=82, P, =3X,=90:MWP=189, P =
3,X; =95 MWP =17.6. Thus our model measures a consumer's
marginal willingness to pay for a good directly at all consumption levels,
and it does not require the assumption of a price change.

Next we compare the Marshallian demand and the marginal
willingness to pay functions in measuring a consumer's welfare by using
the concept of consumer surplus. We calculate the consumer surplus
assuming X;o < X{ and keeping P,, M fixed. Using either the inverse
demand function in Eq. (22) or the marginal willingness to pay function in
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Eq. (23), we get the following two measures for the change in the
consumer's surplus from the consumption of good 1:

X;

¢, = wa (%— P1)dX1 = aMlIn (

X1
X10
b2 = f;(llo (& (xﬁ1 B Pl) B Pl) dx; =7, 1n (ﬁ) - (26)

1-a  \Xqo 1-a

)= P(X —X0),  (25)

where In is the natural logarithm. To get these measures comparable with
those in Eq. (24), we assume M = 1000, a« = 0.7, and X;, = 100. With
two values for P;, we get

A: X;=23333(P, =3): ¢, =19311, ¢, = 64370,
B: X; =140 (P, =5): ¢, =11553, ¢, = 385.10.

By comparing these two measures we see that in both cases ¢; < ¢,.
On the other hand, comparing case A with that in Eq. (24) we see that ¢
(Marshall) is less than CV while ¢, (MWP) is between CV and EV. Thus
the Marshallian demand function essentially deviates from the Hicksian in
calculating changes in welfare, and MWP function gives values more in
line with those of EV and CV. Another advantage of applying the marginal
willingness to pay in measuring welfare is that it can be measured by
making a consumer survey.

5. A new theory of a consumer

In Lagrangian functions (1) and (5), A with unit utility/€ and u with
unit €/utility make utility and money additive. On the other hand, in a
border optimum there exists transformation equation U(X,) = v(P, M)
between utility and money, see Eq. (8). However, exact functional forms
for these two ways of transforming utility and money are obtained only in
a border optimum.

The theory of expected utility, introduced by Bernoulli [26] and
further developed by von Neumann and Morgenstern [27], states that for a
risk-averse consumer, the conversion function between utility and money
is concave. Thus the conversion function of a risk-averse consumer
between utility and money is of the form U = f(M), f'(M) >0,
f""(M) <0, where M is the consumer's income and U his/her level of
utility.

By looking at A* and u* in Eq. (8) we see, however, that in the
optimum the two conversation functions do not depend on the consumer's
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income. On the other hand, A" negatively (and u* positively) depends on
the two prices; the marginal utility of money is thus the smaller the higher
the prices. Hyperinflation in real economies (e.g. Germany in 1923,
Hungary in 1946, and Zimbabwe in 2008) is an example of this. Relation
U(Xy) = v(P,M) between U and M in Eq. (8) is, instead, linear. Thus the
conversion rules between utility and money in the neoclassical framework
are in conflict with expected utility theory [26, 27].

The open optimization problem in Eq. (12), however, gives the
required non-linear relationship:

0U _ 10f (X1 X;) _

oM P, 09X, 0
0°U _ 1 3*f(X1,X3) 0%f (X1, X>)
= 2N g e ZLTL020
oM2 P2 9X2 UT —xz

The problem with this utility function is, however, that the relation
between utility function and willingness to pay function, as well as the
willingness to pay function and marginal willingness to pay functions, is
complicated. The marginal willingness to pay for good 1 in Example 2,
e.g., is given in Eq. (23). Integrating this we get the willingness to pay
function for good 1 as:

HOG M, Py = [ 20dx, = (75) [Min(32) - P - Xa0)] - @7)

The problem with H in Eq. (27) is that it is not general enough that
we could derive from it marginal willingness to pay functions for goods 1
and 2. We can though substitute X; from the utility function by the budget
equation to get the willingness to pay function for good 2 as in Eq. (27).
However, the assumption of binding budget equation essentially distorts
the modeling principles of consumer behavior, and thus we reformulate the
theory as follows. We modify the Lagrangian utility maximisation problem
of a consumer as

max & = n(M)U(X) + M — T, PiX,, (28)

where n(M) with unit €/utility is not the inverse of the Lagrangian
multiplier 4 in Eq. (1), but a consumer specific function that converts this
consumer's utility from consumption into monetary units. According to the
neoclassical theory, in a border optimum holds U/ 0M = dv/ M = A* > 0,
and from Eq. (8) we see that in this specific case 92U/ dM? =
0%v/ dM? = 0. Now, because (M) resembles 1/1 in Eq. (1), we derive
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the properties for function n(M) according to the following approximation:
n(M) = 1/A(M);

1 , 1 02
M)~ 255> 0 "M) = —57,>0. (29)

The results in Eq. (29) are caused by the assumption of decreasing
marginal utility of money, 02U/ 0M? = A/ M < 0. Thus with higher
income a consumer is willing to pay more for a fixed level of consumption
because extra income is less valuable®.

Lagrangian (28) measures the net utility ® of the consumer expressed
in monetary units. The target function ® of the consumer consists of
his/her own valuation of his/her current consumption in monetary units
n(M)U(X) added by net savings in terms of income minus expenditures.
The term H (X, M) = n(M)U(X) with unit €/time can be interpreted as the
willingness to pay of the consumer for his/her consumption flow vector X,
or the consumer's monetary valuation of his/her consumption flow
vector X.

The difference between Eqgs. (1) and (28) can be described as follows.
The marginal willingness to pay for good 1 with budget constraint is given
in Eq. (23). This deviates from the following general formulation for the
marginal willingness to pay for good 1 obtained from Eq. (28)

= () 2% = n(nya ()

There exists reasons for Eq. (28) to be a more exact expression of
consumer behaviour than the neoclassical Eq. (1). 1) It makes the
calculation of marginal willingnesses to pay for every good easy and
intuitive. 2) It is an open optimization problem as in the theory of a firm.
The symmetry between the models for a firm and a consumer has its uses
e.g. in dynamizing the theory, and in developing an analytic
microeconomic theory similar to analytical mechanics in physics. 3) Eq.
(28) is general while budget constraint represents a special case. It is also
irrational to think that a consumer always spends all his/her money.

The income of a consumer at a time unit consists of labour income
and interest revenues or costs, depending on whether he/she has positive or

oH
9X,

® Function 1 can be generalised by including time in it because the utility-money
conversion rate of a consumer changes as he/she gets older. As the preferences of humans
also change in time, utility function, strictly speaking, has a similar time dependency. In
relatively short time intervals, however, one can quite safely assume that functions 7 and
U do not change significantly in (a short) time.
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negative net wealth. Positive net wealth W > 0 with unit € gives interest
earnings with interest rate’  having unit 1/time, and negative net wealth
W < O causes interest payments. Thus M = M, + rW, where M, is labour
income and rW capital gains (if W > 0) or costs (if W < 0) during a time
unit; both these income components have unit €/time. Net savings
M — Y, P;X; may be positive or negative, and they affect the future
wealth of the consumer.

Now, no budget constraint exists in the optimisation problem of
Eq. (28), and the consumer may save money or consume with credit. From
Eq. (28) we get

2220 & n(n) = —pi, i=1,...n 22=n'(MUKX)+1>0. (30)

The sufficient conditions for maximum are

2o _
ax? ax2 B

<0, Vi, €1Y)

where 92U/ 0X? < O results from the law of decreasing marginal utility.
Thus a rational consumer does not consume infinite amounts of any good,
even if the consumer's credit or income were unlimited. The optimum
conditions in Eq. (30) coincide with those in Eq. (2), if n = 1/A and the
solution of the Lagrangian (28) obeys M > Y, P;X;. However, the
essential difference between Eq. (2) and Eq. (30) is that in the former, the
marginal willingness to pay for good i (dU/0X;)/A is not measurable
outside optimum while in the latter, n(M)(0U/0X;) is measurable
everywhere. Result d®/dM shows that income affects the consumer's net
monetary utility not only directly but also indirectly via altering his/her
willingness to pay for consumption.

While Lagrangian (28) allows savings and crediting, it does not take
into account possible credit limit or paying back possible loans. These
extensions will be considered in future studies.

Differentiating Eq. (28) (with fixed M) yields

aU(X)
0X;

do =y, 2gx, = 11(77 —Pl-)dXi. (32)

lla

The consumer surplus ¢ with unit €/time is then obtained as

® For simplicity, the same interest rate is assumed for loans and investments. The
unit of interest rate (the growth rate of invested capital) results from dividing the flow of
interest revenues with unit €/time by the invested capital with unit €, see Ref. [23].
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Loy (noe—P)dXi =nU(0 T, AXi (33)
where ¢(0) = 0 is the natural initial condition and the willingness to
pay of the consumer for X is H(X, M) = n(M)U(X) with unit €/time."
The initial condition for the willingness to pay emerges from the
rationality of the consumer: the consumer pays nothing for nothing, i.e.,
n(M)U0) =H(O,M) =0, and O0JH/0X;=n(M)oU/0X;=P; for
0 < X; < X;, where by X; is denoted the optimal consumption. The unit of
marginal willingness to pay for good i is €/piece;, and the relation
between the maximal net monetary utility of a consumer and the
consumer's surplus is: ®(X) = ¢(X) + M.

The form of the consumer surplus in Eq. (33) is intuitive since it is
the difference between the willingness to pay of the consumer H(X, M)
and his/her expenditures )/, P;X; for the consumption vector X. The
consumer surplus of a particular good is treated similarly:

Xi ou _ X U
b = [, (na_xi_ Pi) dX; = Jg ' 155 9% = PiXi. (34)

Eq. (34) is consistent with the consumer surplus presentations in
economics textbooks, see e.g. Refs. [5, 10].

Example 3. Assume the utility function as in Example 1. The
willingness to pay function is then

H(X,M) =n(M)BX&x1-«
The consumer's marginal willingness to pay for the two goods are

OH _ X\ oM g X))
=B () L Sr=@-am0nB(Y) .  69)
and the optimum conditions are
N _p M)B (Xz)l_a P
_— (: —_— =
X, 1 an(M) X, 1
M _p 1 M)B (Xl)a P
—= =3 — — | =P,
X, 2 ( a)n(M) X, 2
The condition that holds in every optimum of the consumer is
PiXy _ PaXa
a  1-a’ (36)

' In the differentiation of Lagrangian (25), constant M vanishes but it is obtained
by integrating the surplus of the consumer.
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and in the case the budget equation M = P, X; + P, X, is binding, we get
the neoclassical optimum:

Xim = (37)

Py
One should notice that if the budget equation holds, function 7 does
not affect the optimum flows of consumption in Eq. (37), nor the marginal
rate of substitution between the two goods in Eq. (36), but it does affect the
consumer's marginal willingness to pay for the two goods in Eq. (35).

6. Dynamising the theory of a consumer

As compared with the neoclassical theory, the final advantage of our
framework is that dynamising the theory is straightforward. The
neoclassical consumer theory has been presented in dynamic form e.g. in
Refs. [28, 29, 30]. However, it is shown in Ref. [31] that these studies
model the dynamics of the money a consumer allocates in consumption
with time, while the static theory explains a consumer's real consumption
of different goods. Thus the two theories model different quantities and the
former are not dynamisations of the latter.

A utility-seeking consumer increases his/her flow of consumption of
a good when his/her marginal willingness to pay for the good exceeds its
price, and vice versa. Let X; be a function of time t, and X; = dX;/dt.
Dynamic consumer behaviour can then be expressed as

: ou .
m;X;(t) = n(M) oK p;, Vi, (38)

where constants m; > 0 with units € % time?/piece? make the equations
well-defined in dimensions. Now, X;(t) with unit piece;/time?
corresponds to the acceleration of consumption of good i, and imitating
Newtonian mechanics we interpret quantity n dU/ dX; — P; as the "force"
acting upon the consumption of good i of this consumer, and m; as the
inertial "mass" of this consumer's consumption of good i. Quantity m;
measures the sensitivity of X;(t) with respect to the force noU/ dX; — P;.
Eq. (38) shows that X;(t) > 0 if n U/ 0X; > P;, and vice versa, and state
X;(t) =0, Vi — the neoclassical equilibrium — corresponds to zero force
n(oU/dX;) = P;, Vi, ifn = 1/A.
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Example 4. Let the utility function of a consumer in a two-good case
be as in Example 1 so that 1 — a is changedto 0 < f < 1;thusa+f =1
may not hold any more. Egs. (38) become then in the form

m X, (t) = an(M)BX*~1x5 — p, (39)
myX,(t) = Bn(M)BXEXE ™" — p,, (40)

Due to the non-linearity of the system, we do not try to solve it
analytically but only study its behaviour by phase diagrams. Two possible
cases occur depending on whether the slope of line X, (t) = O is steeper or
gentler than that of line X, (t) = 0. The stable case occurs if line X;(t) = 0
is steeper, see Fig. 2. In this case, the consumer sooner or later ends up into
his/her neoclassical equilibrium. Thus our model explains how a consumer
finds his/her optimum after a price of an income change.

% o %—0
D40 = =~ & &2 4 4 4 4 v Vv 1
;1._ - A A A A 4 4 2 AT 4
012y = a2 A & A 4 + 4 1+ Vv oy (S
s » A A A A 4 A A YV Y [ 2
010 o &« &~ &~ & & & 4 3 % I S
E»,, - - » N & &~ Y 4 1 1 ) 4 & "A/f" XZZO
008k s » o« » & & & A A VT ww o o
e % koA & W W N e 5 v N NN
006fa m & 2 M e L W U G U S S
e B e B v 2 1% % Y Y vy s
R SR N 1> Gl S W U SN S
:*/'/ v ¢ /:/1’ [ T U U W U N
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Figure 2. A stable case.

If line X,(t) = O is steeper, however, the equilibrium is a saddle and
the consumptions of both goods either diminish to zero or increase without
limit, see Fig. 3. In both figures, n =20,B =05,P; =5,P, =10,M =
1000, and in Fig. 2, « = 0.3, = 0.4 and in Fig. 3, a = 0.5, = 0.7. One
should notice that the marginal utilities of both goods are decreasing in
both cases.

The instability in Fig. 3 results from increasing returns to scale in
consumption, i.e., a+ [ > 1. The flow of consumption of good 1
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positively affects the marginal willingness to pay for good 2, and vice
versa. If the initial consumptions of both goods are high, this keeps the
marginal willingness to pay values higher than the prices of the goods even
though the marginal utilities of both goods are decreasing. Thus both
consumptions increase without limit. Similarly, low current consumptions
of the two goods keep the marginal willingness to pay values smaller than
the prices of the goods, which decreases both consumptions. These results
originate from the multiplicative form of the utility function, and if this is
not realistic, the form of the utility function should be changed.

s X,=0 X=0

i X \ W\ 'Y 4 4 4 A ~ i » 4 ‘// A

X

3 3 N
Figure 3. A non-stable case.

This dynamisation of consumer theory will be treated more explicitly
in future studies. It is presented here only to show how the framework can
be dynamised so that time-dependent prices, income, and preferences are
natural elements in it. These time-dependencies are impossible in the
neo-classical framework.

7. Relations between the main concepts in consumer theory

The relations between the applied concepts in consumer theory are:
Utility function U(X) with unit utility/time measures the "satisfaction"
of a consumer from consuming all n goods simultaneously at the
consumption flow vector X, and dU/ dX; measures the marginal utility
with unit utility/piece; at X. By integrating ) (U /0X;)dX; = U;(X;) +

Ujo we get the partial utility function U; for good j at fixed X.; with unit
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utility/time; Uj, is the constant of integration. Similarly, function
H(X, M) with unit €/time measures the consumer's willingness to pay for
the consumption flow vector X, and dH/ 0X; with unit €/piece; measures
the consumer's marginal willingness to pay for good j at X. By integrating
) (0H/0X;)dX; = H;(X;, M) + Hjy,Hj, constant, we get the partial
willingness to pay function H; for good j at fixed X, ; with unit €/time.

The partial willingness to pay function H; can be used in studies of
consumer behaviour related to a certain good. For example, one can solve
the form of the marginal willingness to pay function for good j by asking
"How much would you pay for one unit of good j when you have consumed
x units of the good in a time unit?". By integrating this answer, one can
deduce the partial willingness to pay function for good j for the consumer,
and knowing the price of good j (and the consumption of the consumer),
one can calculate the consumer surplus for this consumer from good j.
However, one can neither solve the consumer's willingness to pay function
for all goods, nor his/her utility function by studying only the behaviour
related to good j.

Real consumers tend to intuitively understand their marginal
willingness to pay dH/ dX; for good i because in their consumption
decision, they must compare it with price P;. On the other hand, real
consumers hardly know their marginal utilities of goods or their utility
function. However, they may be able to give a monetary value for their
consumer surplus from good i via their marginal willingness to pay. Thus
marginal willingness to pay is a more fundamental concept in modelling
consumer behaviour than marginal utility.

8. Discussion

The theory of a consumer has so far not been expressed in a form
where the concepts of utility, marginal utility, demand, willingness to pay,
and marginal willingness to pay together with their mutual relations had
been properly defined. In the neo-classical optimum, a consumer's
marginal willingness to pay equals with the price for every good, i.e.
(0U/ 0X;)/A = P;. If defined in this way, however, the marginal
willingness to pay cannot be calculated outside optimum because there A is
not measurable. Here we tried to fill these shortcomings by giving exact
definitions for the key terms and by defining the marginal willingness to
pay in a new way.
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Concerning the empirical testing of the neoclassical consumer theory,
utility function and marginal utilities are difficult, maybe impossible to be
measured directly. In our theory, however, all necessary variables are
directly measurable, i.e., the prices of goods, the income (or money
allocated for consumption) of a consumer, and the consumer's willingness
and marginal willingness to pay for goods. Thus, our theory serves as a
theoretical base for empirical studies of consumer behaviour that can be
directly tested. Moreover, our theory allows time-dependent variables, too,
that are crucial in dynamising the theory.
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